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1.Introduction
Backpropagation is poorly suited for neuromorphic and energy
constrained hardware, for the reasons as follows:

1.biologically implausible, as the brain does not send errors signals
backwards along the same forward connection [1];

2.update locked, as layers must wait for the full forward and backward
pass, thus no local, asynchronous updates [1];

3.memory bottleneck, as all intermediate activations must be stored for
the backward pass, which is very costly for large models [1].

This motivates backpropagation-free, local learning rules, one of which is
Hebbian learning, the oldest and the most biologically grounded.

2.Background
Hebbian rule. Neurons that fire together, they wire together. It is local and
biologically plausible, but unstable, as weights can go without bound.

Oja [2]. It adds a normalizing decay to the hebbian rule. It converges to the
top eigenvector of the data covariance and computes the first principal
component, from purely local information [3].

SoftHebb [4]. It extends Oja’s rule to a soft winner-take-all network of K
neurons. Its weights converge to the normalized component means,
making it behave analogously to K-means.

{every point gets pushed onto the unit circle} (data after unit-norm projection)
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Gap. Oja’s rule and SoftHebb are built from the same Hebbian parts, yet
they compute different objectives. In the batch settings [5], PCA and K-
means are tightly connected. Does this also survive in the streaming rules?

3.Methodology

Controlled synthethic data. Balanced two cluster with 2D Gaussian
mixture, shared covariance diag (a%, a%), and centers placed symetrically
about the origin. Thus, we can vary r = g /d and fix everything else.

Two configurations. First, isotropic, with center at (+d,0) and separation
along the x-axis. Second, anisotropic, with centers at (O, xd) and o1 > o>.
That is, separation along the y-axis and the elongation along the x-axis.

Key o1 o2 d Sep.axis r =o0,/d N
[sotropic 1.0 1.0 3.0 x 0.33 2500
Anisotropic r-d 0.1 1.0 Y 0.7—22 1200

4.Theoretical Analysis
Shared lens. A fixed-point analysis recipe (i.e., ODE method of stochastic
approximation [6]) that reduces each rule to a stable fixed point.

Isotropic two clusters. Total covariance is diag(10,1), thus Oja lands on x-axis.
SoftHebb’s normalized component means lie on x-axis, hence agreement.

Naive anisotropic prediction. Normalized generative’s cluster means yield
SoftHebb on y-axis, whilst Oja on x-axis for any r>1.005, hence divergence.

Why does it fail? Large orthogonal spread collapeses the clusters into
overlapping arcs near the x-axis, thus the best way split becomes y-axis.

Reduced objective. In hard WTA limit, SoftHebb maximizes S(0) = E[|cosz* + sin 0 y*|]

leaving only two candidate splits defined by 4 {0,%}, as the data has
reflection symmetry across both axes.

The ratior = % . The cluster split wins iff E[|y*|] > E[|z*|] and the closed form
yield a unique crossover at approximately 1.687 on the r-axis.

Stability. Curvature of the objective function shows the y splitis a local
maximum, whilst the x split switches from a valley to a peak at around 1.330.

Three Zones. Zone | (1.005, 1.35) shows clean y split. Zone Il (1.35, 1.66) is
seed dependent. Zone |ll (above 1.66) SoftHebb collapses to the x-axis
[b=200]. Oja flips at 1.005 because the total covariance is diag (o7, o3 + d°)..

5.Experimental Results

Isotropic. Angles over 30 seeds (b=200)
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Oja and SoftHebb divergence is depicted by a bounded window in r
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6.Conclusions

Isotropic clusters. When separation aligns with the variance axis, Oja
and SoftHebb converge to the same direction.

Naive right angle divergence is false. SoftHebb acts on unit normalized
inputs, so large orthogonal spread collapses the clusters into
overlapping arcs and its split flips back towards Oja.

o
One governing ratior = 71 Agreement at small and large values of r,

diverge only inside a bounded interval. Thresholds were derived
analytically and matched by the sweep.

Mechanism. The two rules read different geometries of the same data
(i.e., euclidean and directional geometry), so divergence is bounded in r.

7.Future work

As our analysis was controlled, it naturally marks the next steps:
1l.extending the analysis to higher dimensions or more clusters;

2.as Zone ll is seed dependent and zone edges behave as soft
crossovers, it makes worth describing the transition analytically;

3.extending Oja’s to Sanger’s rule [3] implies a more in-depth PCA
and K-means correspondance analysis.
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